Abstract. Let (X n , g + ) (n ≥ 3) be a Poincaré-Einstein manifold which is C 3,α conformally compact with conformal infinity (∂X, [ĝ]). On the conformal compactification (X,ḡ = ρ 2 g + ) via some boundary defining function ρ, there are two types of Yamabe constants: (1) and (2)). In [GH], Gursky and Han gave an inequality between Y (X, ∂X, [ḡ]) and Y (∂X, [ĝ]). In this paper, we first show that the equality holds in Gursky-Han's theorem if and only if (X n , g + ) is isometric to the standard hyperbolic space (H n , g H ). Secondly, we derive an inequality between Q(X, ∂X, [ḡ]) and Y (∂X, [ĝ]), and show that the equality holds if and only if (X n , g + ) is isometric to (H n , g H ). Based on this, we give a simple proof of the rigidity theorem for Poincaré-Einstein manifolds with conformal infinity being conformally equivalent to the standard sphere.
Introduction
Let X be an n-dimensional smooth connected compact manifold with boundary. Denote by X the interior of X and by ∂X the boundary of X. Let g + be a Remannian metric in X. We call (X, g + ) a C 3,α conformally compact Poincaré-Einstein manifold if g + is a complete metric in X satisfying Ric g+ = −(n − 1)g + , andḡ = ρ 2 g + can be C 3,α extended to X by some boundary defining function ρ. Here ρ is said to be a smooth boundary defining function if ρ ∈ C ∞ (X), ρ > 0 in X, ρ = 0 on ∂X and dρ = 0 on ∂X.
Thus (X, g + ) is conformally compactified to (X,ḡ), which is a compact Riemannian manifold with boundary. It is clear thatḡ and the induced metricĝ =ḡ| ∂X depend on the choice of ρ, but their conformal classes do not. In particular, we call (∂X, [ĝ] ) the conformal infinity of (X, g + ).
Our work in this paper is motivated by the recent work of Gursky-Han [GH] . To describe their and our results explicitly, we first recall the Yamabe constant on the conformal infinity. It is defined as follows:
where Rĥ is the scalar curvature of metricĥ on ∂X. This is related to the classical Yamabe problem on closed manifolds, which was completely solved. See [Au, Tr, Sc, LP] and many other works. For a compact manifold with boundary (X, ∂X, [ḡ]), there are two types of Yamabe constants defined as follows: where Rh is the scalar curvature of metrich and Hh is the mean curvature of the boundary. The related Yamabe problem for compact manifolds with boundary was intensively studied in the past half century.
where S n + is the upper hemisphere, g S n is the round metric and ω n is the volume of unit n-sphere. When the inequality is strict, then Y (X, ∂X, [ḡ] ) is attained by a metricḡ of constant scalar curvature with minimal boundary, i.e.,
Escobar also showed that the inequality in (3) is strict if (X, ∂X,ḡ) is not conformally equivalent to (S n + , ∂S n + , g S n ) and 3 ≤ n ≤ 5, or n ≥ 6 and ∂X is not umbilic. In [BC] , Brendle-Chen considered the remaining case: n ≥ 6 and ∂X is umbilic. They verified the remaining case subject to the validity of the Positive Mass Theorem (PMT). By [Wi] , the PMT is valid for spin manifold if n ≥ 6. Sumarizing their results and applying them to C 3,α conformal compactification of Poincaré-Einstein manifolds, which always have umbilic boundary, we get the following:
α conformally compact Poincaré-Einstein manifold satisfying one of the followings:
(a) the dimension 3 ≤ n ≤ 5; (b) the dimension n ≥ 6 and X is spin.
Then there is a conformal compactificationḡ = ρ 2 g + satisfying
(1) the scalar curvature Rḡ is constant; (2) the boundary is totally geodesic, which implies that Hḡ = 0;
moreover the Yamabe constant Y (X, ∂X, [ḡ]) is achieved. We call such (X, ∂X,ḡ) the first type Escobar-Yamabe compactification of (X n , g + ).
For Q(X, ∂X, [ḡ]), in [Es2] Escobar proved that for n ≥ 3, there holds
where B n is the unit Euclidean ball and g R n is the Euclidean metric. Moreover, when the inequality is strict, Q(X, ∂X, [ḡ] ) is achieved by a scalar flat metricḡ with boundary having constant mean curvature, i.e., Rḡ = 0, in X,
) and Q(X, ∂X,ḡ) > −∞, Escobar was able to verify that the inequality (4) is strict if n = 3; or n = 4, 5 and ∂X is umbilic; or n ≥ 6 and X is locally conformally flat with umbilic boundary; or n ≥ 6 and ∂X has a non-umbilic point (in this case, n = 6 was proved in [Es3] ). When n = 4, 5 and ∂X has a nonumbilic point, the strict inequality was verified by Marques [Ma2] . In [Ch] , S. Chen considered the remaining case of n ≥ 6 and ∂X is umbilic. Moreover, Marques [Ma1] developed an important tool of conformal Fermi coordinates, which plays the same role as conformal normal coordinates in the Yamabe problem. He then constructed appropriate test functions without using PMT in the umbilic boundary case: (i) n = 8 and the Weyl tensor of ∂X is nonzero at some boundary point; (ii) n ≥ 9 and the Weyl tensor of X is nonzero at some boundary point. See also [Al] for a flow approach. Readers are referred to [CS] for more details and generalizations on the Yamabe problem for compact manifolds with boundary.
In [GH] , the authors derived an inequality between Y (X, ∂X, [ḡ]) and Y (∂X, [ĝ]) using the first type Escobar-Yamabe compactification of (X, g + ). The inequality involves an isoperimetric ratio I(X, ∂X,ḡ) = Vol (∂X,ĝ) n /Vol(X,ḡ) n−1 . An interesting application of this inequality is the nonexistence of Poincaré-Einstein metric in the unit Euclidean ball B 8 with conformal infinity being (S 7 , [g]) for infinitely many conformal classes [g] . Their inequality is the following:
Theorem 3 (Gursky-Han). Let (X n , g + ) be a Poincaré-Einstein manifold satisfying the hypotheses of Theorem 1. Let (X, ∂X,ḡ) be the first type Escobar-Yamabe compactification andĝ =ḡ| ∂X .
• If the dimension n ≥ 4, then
• If the dimension n = 3, then
The equality is sharp and achieved when (X, ∂X,ḡ) is the standard hemisphere. Moreover, if the equality holds thenḡ is Einstein andĝ has constant scalar curvature.
In this paper, we first show that the equality case in Theorem 3 actually yields a rigidity theorem. We prove the following Secondly, we study the relation between Q(X, ∂X, [ḡ]) and Y (∂X, [ĝ] ). By working on the second type Escobar-Yamabe compactification, we derive an inequality only involving Q(X, ∂X, [ḡ]) and Y (∂X, [ĝ] ). The difference from Gursky-Han's inequality is that no volume ratio is involved and hence the inequality is conformally invariant. Moreover, we show that the equality holds if and only if (X, g + ) is isometric to the hyperbolic space.
Theorem 5. Let (X, g + ) be Poincaré-Einstein metric which satisfies hypotheses of Theorem 2. Let g = ρ 2 g + be any conformal compactification andĝ =ḡ| ∂X be the induced metric on ∂X.
In both cases, the equality holds if and only if
Similar to Gursky-Han's result, the assumptions in Theorem 2 and Theorem 5 are mainly because of the limited validity of positive mass theorem (PMT). In the proof of Theorem 5 we need to choose the second type Yamabe compactification, i.e. the Escobar-Yamabe metric of zero scalar curvature and constant boundary mean curvature such that Q(X, ∂X, [ḡ]) is achieved. The existence of such metric relies on PMT at the present stage. If the higher dimensional PMT is valid, then this assumption is expected to be removed.
An application of Theorem 5 is to provide a simple proof of the rigidity theorem for Poincaré-Einstein manifolds.
Corollary 1. Let (X, g + ) satisfy the same hypotheses as in Theoerem 2. If the conformal infinity of (X, g + ) is conformally equivalent to the standard sphere
This rigidity theorem was proved in [Qi, Theorem 1.1] for 4 ≤ n ≤ 7, eventually it was extended to any dimension in [LQS, Corollary 1.5 ], see also [ST, DJ] . Here as a corollary of Theorem 5, the proof is much shorter and more straight-forward. The disadvantage here is that we need a pre-assumption as in Theorem 5 such that the PMT in the boundary case works.
Here we would like to mention that a very closely related project to the second Escobar-Yamabe compactification is an isoperimetric inequality over scalar flat conformal class, which was studied by Hang-Wang-Yan [HWY1, HWY2] . They proposed a conjecture therein: Let (X n , ∂X,ḡ) be a smooth compact Riemannian manifold of dimension n ≥ 3 with smooth boundary, if (
n(n−1) .
Furthermore, they proved that assuming this conjecture is true, if the first Dirichlet eigenvalue of conformal Laplacian of metricḡ is positive, then Θ(X, ∂X, [ḡ]) is achieved by some conformal metric with zero scalar curvature. Readers are referred to [JX] for very recent progress in the above conjecture. This paper is organized as follows. In Section 2, we recall Graham's work for singular Yamabe metrics, as well as an asymptotic calculus for boundary defining function ρ. In Section 3, we prove Theorem 4 by a flow analysis on the first type Escobar-Yamabe compactification and a generalization of Obata's rigidity theorem. In Section 4, we study the geometric formulae for the second type Escobar-Yamabe compactification and prove Theorem 5. In Section 5, we prove Corollary 1 as a simple application of Theorem 5.
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Singular Yamabe and Asymptotics
We recall in this section some asymptotic computations by Graham [Gr] as well as the equations for scalar curvatures and Ricci curvatures under conformal change.
Let (X n , g + ) be a C 3,α conformally compact Poincaré-Einstein andḡ = ρ 2 g + is a compactification. Letĝ =ḡ| ∂X . The normal exponential map exp : [0, δ) r ×∂X −→ X relative toḡ is a diffeomorphism onto a neighbourhood of ∂X, with respect to whichḡ takes the form
where r(x) = dḡ(x, ∂X) is the distance to the boundary and h r is a one-parameter family of metrics on ∂X. We use {α, β, · · · } as indices for objects on X, {i, j, · · · } for objectors on ∂X and 0 for the r variable. This means α corresponds to (0, i) relative to the product identification induced by exp. At r = 0, the derivative ∂ k r h r can be expressed in terms of curvature ofḡ. More explicitly, (h r )| r=0 =ĝ,
, where L ij is the second fundamental form on the boundary andR αβδγ is the Riemannian curvature ofḡ.
LetR andR be the scalar curvature ofḡ andĝ, respectively. Since g + has constant scalar curvature −n(n − 1), the conformal change of scalar curvature induces an equation for ρ:
where ∆ḡ =ḡ αβ∇ α∇β . This implies that ρ has an asymptotic expansion:
,
whereL ij is the trace free part of L ij and H is the mean curvature of the boundary. LetR αβ be the Ricci curvature tensor ofḡ andĒ αβ the trace free part ofR αβ . Since Ric g+ = −(n − 1)g + , the conformal change of Ricci curvature implies that
Proof of Theorem 4
In this section, we prove Theorem 4. Let (X n , g + ) be a C 3,α conformally compact Poincaré-Einstein manifold satisfying the hypotheses of Theorem 1 with first type Escobar-Yamabe compactification (X, ∂X,ḡ). This means that (X,ḡ) has constant scalar curvatureR with totally geodesic boundary. Letĝ =ḡ| ∂X . We further assume the equality in Theorem 3 holds. Thenḡ is Einstein, i.e. the trace free part of Ricci curvature vanishes, andĝ has constant scalar curvatureR on the boundary.
We will show that (X, ∂X,ḡ) must be isometric to the standard hemisphere up to scalings. The idea here follows closely to Obata [Ob] , Cheeger-Colding [CC] and Wu-Ye [WY2] . Here we apply it in the case of a compact manifold with boundary with some extra conditions. First, we apply the asymptotics in Section 2 to the first type Escobar-Yamabe compactification g. Since H = 0, (8) implies that in this case the boundary defining function has asymptotics ρ = r + c 2 r 2 + c 3 r 3 + o(r 3 ), where c 2 = 0, c 3 = 1 6(n − 2)R − 1 6(n − 1)R .
Hence (10) lim
Rewrite equation (7) as
Then (10) For simplicity, we also denote
Hence (ρ, z) satisfies the equation
Since the boundary is totally geodesic, the Gauss-Codazzi equationR =R + 2R 00 + |L| 2 − H 2 gives that on the boundary (15)R = n − 2 nR .
Notice that up to now the sign ofR (and henceR) has not been determined. Second, we consider a flow generated by the vector field∇ρ/|∇ρ| 2 . Denote by F (t, p) the flow lines of∇ρ/|∇ρ| 2 starting on ∂X, where p ∈ ∂X is an initial point and t is the time, i.e. F (0, p) = p. Since |∇ρ| = 1 on ∂X, there exists some T > 0 such that
is a C 3,α diffeomorphism to its image and
This means F ({t} × ∂X) is a regular component of the level set of ρ. We divide the rest part of the proof into the following claims.
Proof. This is because ρ(p) = 0 for p ∈ ∂X and
Proof. This is because the equation (14) is equivalent tō
If choosing V to be tangent to F ({t} × ∂X), a regular level set of ρ, we havē
(c) [△ḡρ] (F (t, p)) and hence z(F (t, p)) are independent of p ∈ ∂X for all t ∈ [0, T ).
Proof. In view of equation (11) and by (a) and (b), the function [△ḡρ](F (t, p)) is independent of p for all t ∈ [0, T ).
Proof. By (13) and (14), we compute the t derivative as follows
which is a constant. Since z(F (0, p)) = 0 by (10) and (11), the claim then follows. (e) The scalar curvatureR > 0.
Proof. Let T 0 be the maximum choice of T such that |∇ρ|(F (t, p)) = 0 for all t ∈ [0, T ). T 0 is finite since ρ is bounded on X. Let Λ be the limit set of the flow as t → T 0 , i.e.
It is obvious that Λ = ∅. ∀ q ∈ Λ, we show that q must be a critical point of ρ, i.e. |∇ρ(q)| = 0. By definition, there exists (
By passing to a subsequence if necessary, we may further assume that t k increases to T 0 and p k converges to p 0 . If |∇ρ(q)| = 0, then (b) implies that all the flow lines can be extended over T 0 . This contradicts the maximum choice of T 0 .
Next supposeR ≤ 0. IfR = 0, then by (d), z ≡ 0 on the flow lines. By taking limit, we have [△ḡρ](q) = 0. However, by (11), [△ḡρ](q) = −n/[2ρ(q)] < 0, where we have used that q is a critical point. Hence a contradiction.
IfR < 0, we consider a global maximum point of ρ, denoted by q 0 . Let max X ρ = ρ 0 = ρ(q 0 ) > 0. Then by (11)
This implies that
However, in this case, (d) implies that z < −C < 0 for all t > T 0 /2. So ρ△ḡρ is strictly positive at q by taking limit. This yields a contradiction again. (f) All critical points of ρ are non-degenerate local maxima and X = Ω.
Proof. By (d), (e) and (14), the Hessian of ρ is negative definite at critical point q ∈ Λ, which is defined in (16). So any point q ∈ Λ is non-degenerate and local maximum. In particular, Λ consists of isolated critical points. For any q ∈ Λ, we can take a geodesic ball B r (q) with radius r small enough such that B r (q) ∩ Λ = {q}. Since (B r (q) − {q}) ∩ Ω = ∅, we have (B r (q) − {q}) ⊂ Ω , i.e. q is an interior point of Ω. This implies Ω is a smooth manifold with the only boundary ∂X. Since X is connected, X = Ω. This also shows that there are no other critical points except those in Λ. (g) ∂X is connected.
Proof. Since (X, ∂X,ḡ) is the first type Escobar-Yamabe compactification,R > 0 implies that Y (X, ∂X, [ḡ]) > 0. Since the equality in Theorem 3 holds in our case, we have Y (∂X, [ĝ]) > 0 as well, which implies that ∂X is connected by a theorem of WittenYau [WY1] , see also [CG] .
(h) X is diffeomorphic to a hemisphere and ρ has only one critical point.
Proof. Since ρ = 0 on ∂X, in view of claim (f) and standard Morse theory, we conclude that
i.e., X is resulted from attaching several copies of handles to ∂X × [0, 1] along ∂X × {1}. In this case, all handles are n-disks. Therefore ∂X is diffeomorphic to disjoint union of spheres. In view of (g), there exists only one disk, and the claim follows. Consequently, the only critical point of ρ is where it attains its maximum on X. Let us denote it by q 0 . (i) Level sets of ρ are geodesic spheres of the unique critical point q 0 .
Proof. Combining claims (a) and (d), we can now rewrite (14) as
Up to a scaling, we may assume thatR = n(n − 1), thus (17) becomes tō
Taking any unit-speed geodesic γ(s) starting from q 0 , by (18) we have
It follows that ρ(γ(s)) = T 0 cos(s), which means the geodesic s-sphere centered at q 0 is exactly the T 0 cos(s)-level set of ρ.
Finally, we piece all information together. According to the construction of the flow, and claims (h) and (i), it follows that F : ∂X × [0, T 0 ) → X \ {q 0 } is a diffeomorphism. By (i), the flow lines coincide with geodesics starting at q 0 as they are both perpendicular to the level set of ρ. Thus equivalently, the exponential map at q 0 , exp q0 : B π 2 (0) ⊂ T q0 X → X is a diffeomorphism. Using the coordinates associated with the exponential map at q 0 ,ḡ can be expressed as
where g s is a smooth family of metrics on S n−1 , with lim s→0 s −2 g s = g S n−1 . Here g S n−1 is the standard round metric on S n−1 . Also by abuse of notation, ρ(s) = T 0 cos(s). As the variation of g s is the second fundamental form of geodesic s-sphere, we infer from (18) and ρ(s) = T 0 cos(s) that
Hence g s = sin 2 (s)g 0 . Then (X,ḡ) is isometric to the standard hemisphere and g + = ρ −2ḡ is the standard hyperbolic metric on X. This finishes the proof of Theorem 4.
Proof of Theorem 5
In this section we prove Theorem 5. Let (X n , g + ) be a C 3,α conformally compact Poincaré-Einstein manifold satisfying the hypotheses of Theorem 5 and hence those of Theorem 2.
We consider the second type Escobar-Yamabe compactification (X, ∂X,ḡ). This means that (X,ḡ) is scalar flat with constant mean curvature H on the boundary. Suchḡ may not be unique if exists. Here we just fix a choice ofḡ = ρ 2 g + and letĝ =ḡ| ∂X .
Notice that in our setting, (X, g + ) is C 3,α conformally compact. Hence by the boundary regularity theorem in [CDLS] , (X,ḡ) has an umbilical boundary, i.e. the trace free part of L ij , denoted byL ij , vanishes on ∂X, and hence
We apply the asymptotics in Section 2 to the second type Escobar-Yamabe compactificationḡ. SinceR = 0 andL ij = 0 forḡ now, (8) implies that in this case the boundary defining function has an asymptotical expansion:
where r is the distance to the boundary and
BecauseR = 0, we can rewrite equation (7) for ρ, which comes from the conformal change of scalar curvatures, as
RecallĒ is the trace-free part of Ricci tensor ofḡ and the conformal change of Ricci curvature gives
Set X δ := {x ∈ X|dḡ(x, ∂X) ≥ δ} for small δ > 0. By (20) and (21), a similar integration by parts argument as in [GH] shows that
where N is the unit outward normal w.r.t.ḡ on ∂X δ .
Clearly, N = −∂ r . Then a direct computation on the asymptotics of ρ shows that
.
And hence
Letting δ → 0 in (22), we obtain
We are ready to prove the inequalities in Theorem 5 now:
• When n ≥ 4, it follows from (23) and Theorem 2 that • When n = 3, by Gauss-Bonnet theorem and (23) Next we consider the situation when the equality occurs. One direction is obvious. That is if (X, g + ) is the standard hyperbolic manifold, then we can take a conformal compactification such that (X,ḡ) is the Euclidean ball. A direct computation shows that the equality occurs in (5) if n > 3, or in (6) if n = 3. For the converse direction, we need to show that when the equality occurs, the Escobar-Yamabe metricḡ must be the Euclidean metric and (X,ḡ) must be the Euclidean ball.
We observe from (24) and (25) that in both cases if the equality holds, thenĒ = 0. So the Ricci curvature ofḡ vanishes, i.e.R αβ = 0. Recall that the the boundary is umbilic. These with the Gauss-Codazzi equationR =R + 2R 00 + |L|
give that on the boundaryR = n − 2 n − 1 H 2 .
HenceR ≥ 0 is also a constant. Moreover, in this case, (21) shows that
Thus we get∇ Therefore ∆ḡρ is a constant all over X. By (19) and (20) This implies that all over X,∇ 2 ρ = − 1 n − 1 Hḡ.
We claim that H = 0. Otherwise, ∆ḡρ = 0 and ρ| ∂X = 0 implies that ρ ≡ 0 all over X, which obviously can not happen. Now we can set u = −(n − 1)ρ/(nH). Then u satisfies (27) ∆ḡu = 1 in X, u = 0 on ∂X, and N (u) is constant on ∂X, N (u) = n − 1 nH .
